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Abstract: In the process of advanced algebra teaching, we have learned the properties of the linear transformation on the linear
space over the number field P. In this paper, we will investigated the linear transformation o over a finite dimensional complex

linear space V , we also give out the number and expression of the invariant subspaces of V respect to o if every characteristic

subspace of o has dimension 1.
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Let V be a linear space of dimensional n over the complex number field , o be a linear transformation over V . If the

subspace W of V satisfying that: forany a €W , we always have o(a) €W , then we call W an invariant subspace of

V respect to the linear transformation o (or an o - subspace , in short) . In this paper, we will investigate the quantity of the

o - subspaces of V , we also give out the expressions of all the o - subspaces of V if the number of them is finite.

Proposition 1 Let o be a linear transformation of V , where V is a linear space of dimensional n over the number field F .

If there exits some vector ¢ €V suchthat 0" () =0 but 6" () #0 ,then V has n+1 o - subspaces:
— -1 i vee M1 n i =
W, =L(c" (a),0'(a),"-,0" (a),0" (@) . ]=12,---,n+1.
Proof Forany 1< j<n+1 ,itiseasy to see that W, isan o - subspace. On the contrary , let W bean o -

subspace. If W ={0}, then W = L(c"(c)) . Now suppose that W #={0}. Since o" () =0 but " () #0 , we

n-1
knowthat @ , o(a) , --- , o" () isabasisof V .Let S={s| (3B W \{0})p = Zkiai(a), K, , # 0}, then

i=s-1

S#J.Let ] betheminimal numberin S, then 1< j<n and W <W,. Next, we prove that W; W . In fact, from

the minimality of | in S, we know that there exists an non-zero vector /3 € W such that
p= kHO'H(a) + kjo-j (@)+---+k, 0" () . k;,#0.

Using o , -+ , o™ to impact on the above equations respectively , we can get the following linear system of equations
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about the unknown quantities o' (), o'(a), -, " a):
kj_laj"l(a) + ij'j (@)++k 0" (a)=p

Kjso' @)+ +k,_,0" (@) = ()

kizo" (@) =" (B)

Since the determinant of the coefficient

kjfl kj km1
po| O M K —k, "0,
0 0 K
by the Cramer Law, we can get that:
IB kj kn_1
o(f) ki

o' a)=

kn—z :r_ilio'i(ﬂ) ,LeF ,i=01---,n—j.
O'n—j(ﬂ) 0 kj_l i

1
D

Since W isan o - subspace, we have o(f3),---,0" ' (/3) €W . From the above equation we can deduce that
o™ (a)eW ,hence o'(a) , -+, 0" (a) €W . Therefore, W, = L(c' ™ (a),0' (), -, 6" (a),c" (@) cW ,

as required.

Proposition 2 Let o be a linear transformation of V , a linear space of ~dimensional n over the number field F . The

characteristic polynomial of o is
F() =100, (%) f.(x)
where f (x) , f,(x) , ---, f.(X) are monic polynomials of F[X] which are coprime with each other. Let
V., =Ker(f,(o))={aeV | f(c)a=0} , i=12,---,r.Thenany o -subspace W of V can be expressed as:
W =W, W, ®---&W, ,

where W, isan o -subspaceand W, cV, fo 1=12,---,r.

Proof Using the same way as in proving the Theorem 12 of Chapter 7 in[1], we can prove that V =V, @V, ®---®V,,

where each V, isan o -subspace (1=1,2,---,r).Let W beany o -subspace, thenforany S €W, [ canbe

.
expressed uniquely as =Zﬂj ,where f3; €V, for j=12,---,r Foreveryfixed i (1<i<r), welet
1
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W. ={p.|(3p eW)ﬁzZﬁj, B; eV, 1=12,--,1}cV,. Forany B, y;, €W, and k e F, there certainly exist
=t

L, v €W such that ﬂ:Zﬂj and y:Z;/j,where B, 7€V, for j=1,2,---,r. Therefore,

kﬁ+y:i(kﬂj+yj), a(ﬂ):ia(ﬂj).smce o(B)eWand kB, +y;, o(B;)eV; for j=12,---,r ,we

can deduce that K/, +7;, o(f)€W,. Therefore, W, isan o - subspace of V . Obviously, W W, +W, +---+W, .

On the contrary , forany £, €W, (1<i<r), from the definition of W, , we know that there exists /5 €W such that

ﬂ:Zﬂj ,where S, €V, for j=12,---,r.Let gi(X):%,since f,(x) , f,(x) , .-, f.(X) arecoprime
= X

i

with each other, we can conclude that ( f,(X), g;(X)) =1. Then there exist U(X), V(X) € F[X] such that

u(x) f,(x) +v(x)g; (x) =1. Substitute the linear transformation & into the expression, we can get that

u(o) fi(o) +Vv(o)g;(c) =1 , where 1 denotes the unitary transformation over V . From f3; €V, can deduce that
f,(c)B;=0 for j=12,---,r.Thus g;(0)B; =0 for j=#i , j=1,2,---,r. With the additional condition
V(0)9,(c) =1—u(o) f.(c), we can deduce that

B =p —u(o)f (o) =@0—u(o)f.(0)s =Vv(o)g,(o) b
- Zr:V(O-)gi (0)B; =Vv(o)9, (a)(zr:ﬁj) =v(0)g,(c) 5.

Since W isan o -subspaceand S €W ,wehave V(c)Q,(c)B €W ie, B €W .Therefore, W, cW for
1=12,---,r.This means that W W, +W, +---+W, , hence W =W, +W, +---+W. . Finally , from
V=VeV,® -V, , WV, , i=12,--,r,wecanconclude that W, +W, +---+W, =W, W, @---®W., isa

direct sum.

Conversely, forany o - subspace W, satisfying that W, <V, , 1=1,2,---,r , itis clear that

W, +W, +---+W. =W, ®W, @---@W. isan o - subspace of V , as required.

Proposition 3 Let o be a linear transformation of a linear space V with dimensional n over the complex field C , the

characteristic polynomial of o is
FO) =(x=4)* (X=24)% - (x=2)",
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where /11, 22 R /Lr are some complex numbers which are coprime with each other. n;,n,,---,N, are positive intergers and

r

Z N, = N. Denote the characteristic subspaces of o belonging to the characteristic value A, 4,,--+, 4, are
i=1

V/11 ,Vﬂ2 o -,Vir respectively. Then

(1) If there exists 1<i<r such that dimVﬂi > 2 , then the number of the o -subspaces of V is infinite.

() If dimVAi =1 for i=1,2,---,r ,then V has Z(ni+1) O - subspaces:

i=1

W, ®W,, ©--@®W,, , §=L2,n+1, =121,

where V\/i,si = I—((O-_Z'il)Si_lai!(O-_ﬂﬂ)si aiy"'a(o-_ﬂf,l)ni ai) , O

i is ageneralized characteristic vector of order N,

corresponding to the characteristic value /”LI .

Proof (1) Suppose that dimVﬂi >2 (1<i<r) ,then o atleast has two eigenvectors & , &, belonging to the
characteristic value A,.Forany cell ,let U, ={& +c&,|cell} thenitiseasytoseethat U, isan o - subspace
and satisfies that: a=b impliesthat U, #U, . Hence the conclusion holds.

(2) Following the Theorem 12 of chapter sevenin [1], V =V, @V, ®@---®V, , where

V, =Ker(c—41)" ={a eV |(c - A41)"a =0}
isan o -subspace, dimV;, =n, for i=12,---,r.Foreach 1<i<r ,since dimVA_ =1 , according to the Theorem

1.2.4 of [2], we know there exist ¢ €V, suchthat (o —A41)"a; =0 but (c—A41)" ", #0 , hence o ,

(c—Ae; , -+, (0—A1)" ' isasetofbasisof V,.Therefore,

VVH:L(@'—J,LI Ve o(—At ) v ol ) L 5=12,n+1

are different subspaces of V. Since each W, isan (o —Az)-subspaceof V., o =(0c—A7)+4r ,and Az isa

multiple transformation , we know W, isalsoan o - subspace of V . Therefore,

W, OW,  @---@W, , §=L2,--m+1,i=12r *)
are (N, +1)(n,+1)---(n, +1) different o - subspaces of V .

Conversely , let W beany o - subspace of V . From Prposition 2 we know there exist & -subspaces U, CV; ,

i=12,---,r ,of V suchthat W=U, ®U, D---@U,. Foreach 1<i<r ,since V, isan (o —Az)-subspace,
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we can restict o — Az to V,.Let 7, =(oc—Az7)|, ,then 7, isalinear transformation of V, and ¢; €V, satisfying

that 7", =(0c— A1) &, =0 but 7" ', =(c—A41)" "oy #0. Since U, itselfisalsoan (o —Az)-subspace of
Vand U, cV, , so U; canberagardedasa ;- subspace of V,.From Prposition 1, we know there exist some positive

intergers 1<, <n; +1 suchthat U; = L(z" ", 7% ¢4+, 7" ;) =W, . Therefore , W is one of the o -subspaces in
(*) , as required.

Corollary Let o be a linear transformation of V , a linear space of dimensional n over the complex field C. If & has

N different characteristic values , then V' has 2" o - subspaces.
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