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Methods for Computing the Power of a Matrix
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Abstract: Matrix multiplication is very important in matrix
operation. In this paper, several methods of calculating matrix
power are given.
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I. INTRODUCTION

Matrix is an important and widely used concept, it is the
core of linear algebra. The concept, operation and theory of
Matrix run through linear algebra all the time. Matrix is a table,
to master its algorithm, as table operations and number
operations are not confused.

Definition 1 Let A be an n-order matrix,k a positive integer,the
product of k copies of

Ak = A-A--A
k copies of A

Ais called the power of k of A.

Definition 2 Let A be an n-order matrix with rank 1, then A is a
product of a column vector a and a row vector /3 having the

form as follows

a;

a;
G

Ay

A= b)) = af’.

Note The sum of the products
a; by + a,b, + -+ + a, b, is called the trace of A, denote
by tr(A)= a, by + a,b, + -+ a,b, =a’ B = pa.

Property 1 A% - Al = AR*L (AF)E = AF where kI are
positive integers.

Property 2
(AB)* + A*B¥,(A + B)? # A® + 2AB + B>

I1. COMPUTING THE POWER OF A MATRIX

Type 1 Calculating A% and A2, looking patterns, then use
mathematical induction to give A¥.

1 0 1
Examplellet A=[0 2 0| find A%29?%,
1 0 1

Solution
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1 0 In/1 0 1 2 0 2
A? = (0 2 0) (0 2 0) = (0 4 0) = 24,
1 0 1/\1 0 1 2 0 2

A3 =A% A =24-A=24A%=2%A.
Then

1 0 1
AR’ — zk_lA,AQOZI — 22020A — 22020 (0 2 0)

1 0 1
0 1 0

Example2 Let A=(0 0 2| find A%(k = 3).
0 0 0

Solution

0 1 0/0 1 0 0 0 2
Azz(ooz)(ooz):(ooo),
0 0 0/\0 0 O 0 0 0

0 00
(0 0 0):0.

0 00

Then A* = 0(k = 3).

Type 2 If A=B+C, and BC=CB, then

Ar = (B+ 0" =37 o)) BECm ™

1 2 3
Example3 Let A = (0 1 4), find A*(k= 2).
0 0 1

1 0 0 0 2 3
SolutionA:(O 1 0)+(0 0 4):E+B,

0 0 1 0 0 O

and EB=BE, B¥ = 0(k = 3).

k(k—1)

Then A = E¥ + kE*"1B + TER‘Z BZ
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10 0\ (0 2k 3k\ (0 0 4k(k—1)
=(0 1 o)+(0 0 4)+(o 0 0
001 Vo0 0o/ V0o 0

1 2k 4k*>—k
=0 1 4k |

0 0 1
Type 3 If Awith rank 1, then A% = (trA)*1A.

1 -1 1
Example3 A = (—1 1 —1),ﬁndA2021.
1 -1 1

Solution Since tr(A)=3, then
1 -1 1
A2021 _ 32020 4 — 32020 (_1 1 _1)_
1 -1 1

Type 4 If A can be diagonalized, P~ AP = A, then
AR = PANPTL.

0 -1 1
Example4 A = (2 -3 0),ﬁnd A%,
0 0 O

Solution
Since |AE — Al = A(A+ 1)(A+ 2) = 0, then
1”1.1 — 0,112 — _1,1;1.3 = —2.
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1
) When A; = 0, by —Ax=0, obtainthat {; = (1);

0

When 4, = —1,by (—E — A)x=0, obtain that

)

When A; = —2,by (—2E — A)x=0, obtain that
3
63 =2
2
1 1 3

Assume that P = (1 2 2),then A% = ppAPp1
0 0 2

222 1-2% 2-2%
= (2100 -2 1- 2100 72— 299)_
0 0 0
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