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1. INTRODUCTION

This is the second in a series of our papers on generalizations and specializations ofregular and normal topological spaces. The
first such paper has appeared in 2018[17]. Earlier,regular and normal topological spaces have been generalized in various other

ways. p-regular, p-normal, /3 -normal and y -normal spaces ([7], [8], [10], [12], [15]) are several examples of some of these.

Here we have introduced stronglypseudo-regular and stronglypseudo-normal spaces and studied their important properties.
Manyimportant results about these spaces have beenestablished.

We have used the terminology and definitions of text books ofS. Majumdar and N. Akhter [1], Munkres [2], Dugundji [3],
Simmons [4], Kelley [5] and Hocking-Young[6].

Unless otherwise stated, every compact set considered in this paper will have at least two elements.
Il. PRELIMINARIES
We start with the definitions of ¥ -normal, p -normal, £ -normal spaces.

A subset A of a topological space X is said to be regular open (resp. regular closed) if A=int(cl(A)) (resp. cl(int(A)),preopen (
briefly p-open) if Acint(cl(A)), [ -open if A Ccl(int(cl(A))), ¥ -open if AC cl(int(A)) U int(cl(A)).

Definition 2.1:A topological spaces X is said to be ¥ -normal (resp. p-normal, £ -normal [7]) if for every pair of disjoint closed
subsets A and B of X, there exist disjoint ¥ -open (resp. p-open, /3 -open) sets U and V of X such that ACU and BC V.

We shall now define and study strongly pseudo-regular spaces as specializations of pseudo regular spaces (see [17]).
I1l. STRONGLY PSEUDO-REGULAR SPACES

Definition 3.1: A topological space X will be calledstrongly pseudo-regular if, for each compact set K and for every X € X
with X & K, there exist open sets G and H suchthat X e Gand K c Hand G H =4¢.

Ex 3.1: X=R with usual topology is strongly pseudo-regular. To see this, let K be a non-empty compact subset of X and let

0

X e X, X¢& K . Then, by Heine Borel Theorem, K is closed and bounded. Hence, K may be written as K= U[ai,bi] where
i=1 '

a0 ]~ a; b, |= gifi = j .
Leta, =min{a, } b, =max{b; } Since X & K one of the following three conditions must hold:
| I ] . 3
M x<a
(ii) X>Db,
(i) there exista,; &, and b, ,b, such thata; <b, <a, < bk1, and [ah,bh] and [, ,b, 1 are consecutive

intervals in K, and bjl <X<a .
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1
If (i) holds, let 81: g‘x_aio , and let Ulz(x_al’x+al), Vi=( aiO _al’bjo +81). Then Uy, V; are open and

LTlm\Tl:¢.AlszeU1, KcV, .

1
If (ii) holds, letO2= g‘x_bjo s and let Uy=(X— 02y X+ 05y v,=(&, = 02,05, +05) Then U,, V, are open,

xeU,, KV, ang U_zm\722¢-

1 .
If (iii) holds, let¥s = §m'n{x—b;11akl —X}, and let Us=(X—03,X+03) and V= (&, — 03,05 +05)U
a, — a3ibj0 + a3). Then Us, Vs are open, X eU;, KcVaang Us NV, =9
Thus, X is strongly pseudo-regular.
Theorem 3.1: Every strongly pseudo-regular space is pseudo regular but the converse is not true in general.

Proof: The first part is obvious. To prove the converse, let X={a,b,c,d} andJ = {X,¢, {a}, {b,C}, {a, b,C}}. Then (X, 3) is a
topological space. The closed subsets of X are X, ¢, {b, c,d }, {a, d }, {d} Let K= {a} Then K is compact and b & K .Then we

have open sets G= {a} H= {b,C}such that K G, beH and GNH=¢. Hence X is pseudo regular.G and H are the only
disjoint open sets which contain K and b respectively.

Now, we have H = {b,c,d}, G = {a,d }and G ~ H ={d} # ¢. Hence X i not strongly pseudo-regular.
Theorem 3.2: Any subspace of a strongly pseudo-regular space is strongly pseudo-regular.

Proof: Let X be a strongly pseudo-regular space and Y < X . Let Y €Y and K be a compact subset of Y such thaty ¢ K .
Since K is compact in Y, so K is compact in X. Since X is strongly pseudo-regular, there exist open sets G and H of X such that

yeGandK < H and émﬁzqﬁ. Let U=G MY and V=H MY . Then U and V are open sets of Y where Yy €U and
K cV and UnV = @ . Hence Y is strongly pseudo-regular.

Corollary 3.1: Let X be a topological space and A, B are two stronglypseudo-regular subspace of X. Then A B is strongly
pseudo-regular.

Proof:Since A B being a subspace of both A and B, A B is strongly pseudo-regular by the above theorem.

Theorem3.3: A topological space X is strongly pseudo-regular if,for each X € X and for any compact set K not containing x,

there exists an open set H of X suchthat Xe H c H < K°.

Proof: Let X be strongly pseudo-regular and let K be compact in X. Let X ¢ K'i.e; X € K°. Since X is strongly pseudo regular,
there exist open sets U, V suchthat XeU,K <V andU NV = gandso U NV =¢ .ThenU cV° < K°. S0 u Q\F
=V ¢ < K°. Writing U=H we have X € H gﬁ cK°.

Theorem 3.4:A topological space X is stronglypseudo-regular if X is completelyHausdorff .

Proof: Let X be a completely Hausdorff space and K be a compact subset of X. Let x, y be two distinct points of X with ¥ € K
and X ¢ K .Since X is completelyHausdorff there exist open sets Gy and H y such that X e Gy and yeH y and

G, "H, =¢.Let{H, 1y € K}isa open cover of K.

Since K is compact, so there exist a finite subcover {Hyl’Hyz’ .................. yH.  Jof K. Let

H :HluH S tunand G :GylﬁGyzm .................. mGyn. Then KcH, xeG and we

claimthatG NH = 0.

If G_mH_¢¢, let ZeCT:>ZeG_yl [ WP, mG_ynand ZEH_:>ZEH_yi, for some Y;. This implies

Ze G_y. N H v which is a contradiction. Therefore G_ M H_ = ¢ . Hence X is stronglypseudo-regular.
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Theorem 3.5:The product space X of any non-empty collection {Xi }of topological spaces is stronglypseudo-regular if and only

if each Xi is stronglypseudo-regular.

Proof: Let {Xi } be a non-empty collection of stronglypseudo-regular space and X :HXi . We show that X is stronglypseudo-
regular space. Let K be a compact set not containing a point X € X . Let K, = Hi(K), X; & K, . Since the projection maps
are continuous Hi(K)z K;

is a compact subset of X;. Since X & K, there exists i, such that Xi, & KiU . Since Xio is
stronglypseudo-regular,there exist open sets G; , H; 'in X; suchthat X; € H; , K; < G; and G_,O mH_iO = ¢. For each
i =i, let G,,H, be open sets such that X, € H,,K, = G,. Let G=I1,G; and H=TT,H,. ThenG NH =4, since
G_i0 N H_I0 =¢ and K = G, x € H . Hence X is strongly pseudo-regular.

Conversely, if X is stronglypseudo-regular, then we show thatfor each i , Xi is stronglypseudo-regular. For each i, let Ki be a
compact subset of X;and X; € X;butX, ¢ K,. Let K =II,K and x= {Xi} thenX € X but X ¢ K. Then K compact by
Tychonoff Theorem. Since X is stronglypseudo-regular, there exist open sets G and H such that X € Gand K < H and
G NH =¢ andG=I1,G, , H=TT,H,,G,, H, areopen sets in X; such that X, € H,,K, <G, and G, NH, =¢ .
Therefore Xi is stronglypseudo-regular.

Theorem 3.6: Let X be a stronglypseudo-regular space and R is an equivalence relation of X. Then R is a closed subset of X X X.

Proof: We shall prove that R® is open. So, let (X, y) e RC. Itis sufficient to show that there exist two open sets G and H of X
X

such that XeGand Y€ H and GXHC R®. Let pX— Ebe the projection map. Since (X, y)e RS, p(x)= p(y) ie;

X¢& pfl(p(y)). Again, since {y} is compact and p is a continuous mapping, p(y) is compact. Also, let {Gi }be an open cover

of p’l(p(y)) in X, and let G_I = p(G;). Then {CTI} is an open cover of p(y) in % Since p(y) is a singleton element in %

= — X I X _
, there exists GiO such that p(y)e GiO in E . Then by the definition of the topology in E and the nature of the map p, (i) GiO

is open in X, (i) G, = p_l(G_iO) and (iii) p’l(p(y))g G, in X. Hence p’l(p(y)) is compact in X. So by the strongly
pseudo-regularity of X there exist open sets G and H in X such that X € G and p"l(p(y)) cH and G NH = @ . Hence
yepi(p(y)cH ie yeH. sinceG NH =¢,p(G)Np(H)=¢. Therefore GxHcR® and so
(x,y)eGxH <R

X
Corollary 3.2: Let X be a stronglypseudo-regular space and R is an equivalence relation of X. Then E is completely Hausdorff.

X
Proof: Let cls X and cls y be two distinct points of E . Then clsx= p(X) and clsy= p(y)for some X,y € X such that X # Yy
c . X
and (X, y) € R". By the proof of the above theorem, there exist open sets G, and Gy in — such that clsX € G, and cls 'y
R

— = X
€G,and G, NG, =¢. Thus R is completelyHausdorff.

We shall now define a new class ofspecializedpseudo normal spaces (see [17]), viz.,strongly pseudo-normal spaces and proceed
to study them.

IV. STRONGLY PSEUDO-NORMAL SPACES
Definition 4.1: A topological space X will be calledstrongly pseudo-normal if, for each pair of disjoint compact subsets
K,, K, of X, there existopen sets G and Hsuch that K, c G, K, cHand G n"H =4¢.
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Ex 4.1: X= R with usual topology is strongly pseudo-normal. To see this, let K; and K, be two non-empty disjoint compact sets

in X. Then, K; and K, may be written as K= O[ai,bi] KZ:O[Cj,dj] Where[ai,bi]ﬁlai,,bi,Jz¢ifi;ti/ :
i=1 ’ j=L

le,demle,,dj,J=¢ifj = j' and [ai,bi]m[cj,djjz¢ for each i and j.

For each consecutive pair [ai ’ bi] and [CJ- : dj Jin the natural ordering in R, let
1.

0, =§|nf{jx—y| xela,blye [cj,dj]}

and let

Vy=(a-0,b+0,)

W, =(c; -9, d, +8ij,).

Then, each Vj; and each Wj; are open, and

Vi "W, = ¢ Let V= UVij and W= UWij : Then, \Y and w are open,
0] ij

Vew = V) nlJ W, ) =V, "W, )= anaK, <V K, cW
i i ij
Thus, X is strongly pseudo-normal.

In the above V' = U Vi ,W - U W; , because of the nature of Vj;’s and Wj’s .
i, 1)

Theorem 4.1: Every strongly pseudo-normal space is pseudo normal but the converse is not true in general.
Proof:Let X be strongly pseudo-normal. Let K,, K, be two disjoint compact subsets of X. Since X is strongly pseudo-normal,

there exist open sets G and H such that K, = G, K, < H and GNH-= @ .Since GNH = #,s0 GNH =¢ Thus Xis
pseudo normal.

Conversely, let X={a,b,c,d} and 3= {X,¢, {a}, {b,C}, {a,b,c}}. Then 3 is a topology on X. The closed subsets of X are
X, o, {b,C, d}, {a,d}, {d} Let K, = {a} K, = {b}.Then Kiand K, are two disjoint compact subsets of X .We have open

sets G= {a} H= {b,C}such that K, € G, K, < Hand G H= ¢. Hence X is pseudo normal. Clearly, G and H are the only
disjoint open sets which separateK; and K, respectively.

We have G = {b, c,d } H= {a, d }and s0GAH = {d}# ¢ . Hence X is not strongly pseudo-normal.

Theorem 4.2: Every open image of a stronglypseudo-normal space is stronglypseudo-normal.

Proof: Let X be a stronglypseudo-normal space and Y a topological space and let f : X —Y be an open and onto mapping.
Let K, and K, be two disjoint compact subsets in Y. Since f is open, f “is continuous, f 71(K1) and f 71(K2) are compact
in X. Since X is stronglypseudo-normal,there exist open subsets U and V of X such that f *(K,)cU and f *(K,)cV and
Unv = ¢@. Again, since f is open, f(U) and f(V) are open in Y and K, < ff _l(Kl)C f(U ) K, c ff _1(K2)C f(V).
Now f(U) N f (V) =¢. Since f is open , f is also closed. Therefore f(U)is closed, hence f(U) = @ . Since

flU)c f(U_) mgﬂmz f(U_) . Similarly mgmz f(\/_). Thereforeﬂmﬁﬂ\ﬂ=¢. Hence Y is

stronglypseudo-normal.

Corollary 4.1: Every quotient space of a stronglypseudo-normal space is stronglypseudo-normal.

Proof: Let X be a stronglypseudo-normal space and R is an equivalence relation on X. Since the projection map p:X —> E is

open and onto, the corollary then follows from the above theorem.
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Although a subspace of a normal space need not be normal (see [1], p. 109 ), we have the following theorem:

Theorem 4.3: Every subspace of a stronglypseudo-normal space is stronglypseudo-normal.

Proof: Let X be a stronglypseudo-normal space and Y < X . Let K; and K, be two disjoint compact subsets in Y. Since K,

and K, are compact in Y, these are compact in X too. Since X is stronglypseudo-normal, there exist open sets U and V such that
K,cUand K, cV and UnV = @.Let G=U MY and H=V MY . Then G and H are open sets in Y with property that
K,cGand K, € H and GNH-= @ . Hence Y is stronglypseudo-normal.

Comment4.1: A continuous image of a stronglypseudo-regular (a stronglypseudo-normal) space need not be stronglypseudo-
regular (stronglypseudo-normal).

For, if(X ,Tl) is a stronglypseudo-regular (a stronglypseudo-normal) space and (X, I) a space with the indiscrete topology,

then the identity map 1, :(X,T,)—>(X,I)is continuous and onto. But (X,l) is not stronglypseudo-regular
(stronglypseudo-normal).

Theorem 4.4: A topological space X is stronglypseudo-normal if for each pair of disjoint compact sets K; and K  there exist
openset Usuchthat K, cU cU < ch.

Proof: Let X be a strongly pseudo-normal and K, K, be two compact subsets of X and K; "MK, =¢  Since X isstrongly

pseudo-normal, there exist open sets U, V such that K, cU, K, cV andU NV = gand soU NV =¢ . Then

UcV®c KZC . So UngVc c KZC. Hence we have K, c U gljg K2C.

Theorem 4.5: A topological space X is stronglypseudo-normal if X is completelyHausdorff .

Proof: Let X be a completely Hausdorff space and A,B be two disjoint compact subsets of X. Let X € Aandy € B. Then

X # Y. Since X is completelyHausdorff, there exist open sets Gy and H y such that X € Gy and y € Gy and G_y M H_y =¢
Obviously {H y YE B}is an open cover of B.Since B is compact, so there exist finite subcover

H1 Hz, .................. ,Hymof B. Let HX:Hyltuzu .................. UHymand

G, =G, NG Muvrrne, NG, .Then B H,, xeG, and G_me_x = ¢ i.e; X is strongly pseudo-regular. So

for each X € A there exist two open sets G, and H, of X such that Xe G, and B< H, and G_Xr\H_X =¢. Hence

{G, : X € A}is an open cover of A. Since A is compact, so there exist finite subcover G, ,G, ,....cocovuvennn. ,G, of this cover

A Let G=G, UG, U..ooninn. UG, and H=H, nH, M.l MH, . Then G, H are open sets of X and

AcG,BcHand GNH= @ . Hence X is stronglypseudo-normal.

Theorem 4.6: Every stronglypseudo-normal space is stronglypseudo-regular.

Proof: Let X be a stronglypseudo-normal space. Let K be a compact subset of X and let X € X such that X ¢ K . Therefore
{X}and K are disjoint compact subsets of X. Since X is stronglypseudo-normal there exist open sets G and H in X such that

{X} cGand KcHie; xeGandK < H andG N H = @ . Hence X is stronglypseudo-regular.

Theorem 4.7:Every normal T,- space is strongly pseudo-regular.

Proof:Let X be normal and T,. Then by Theorem 3.10 of ([1], p. 108), for each X € X and for each open set G with X € GX ,
there exists an open set H, in X suchthat X e H, < H_X cG,...(1)

LetK be a compact subset of X and let Y € X such that y ¢ K . We note that X is Hausdorff, hencefor each X € K , there exist
open sets G, and V, such thatXxe G, ,y eV, and G, NV, =¢. By (1)there exists an open set H, in X such that
xeH, c H_X c G, . Clearly »= {HX | x € K} and so G= {le! ........ G, } is open cover of K. K being compact. % has a
finite subcover, say, {H g 1ressease Hy } Let G=G, U......... UG, and V=V, M. MV, . Then G and V are open sets

in KandG NV =¢ . Also if H=H, U........ UH, , then H is open, HOK andxeVand HNV =¢ . Since

H, e, H,_cG,H, U.. UH, s contained in G and is disjoint from V.H, U....... UH, s aclosed set
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containing H, U......... UH, andsoH cH, L. UH, .HenceH NV =¢ . Now,there exists an open set W in

Xn Xn

X such that X e W gV_V cV .ThenH, U...0UH, AW = P ie, HAW = @ . Therefore X is strongly pseudo-regular.
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