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I. INTRODUCTION 

Regular and normal topological spaces have been generalized in various ways. P-regular, p-normal,  -normal and  -normal  

spaces ([2], [3], [5], [7], [10]) are several examples of some of these. Here we have introduced pseudo regular and pseudo normal 

spaces and studied their important properties. Many results have been proved about these spaces. We have also established 

characterizations of such spaces. Parallel study of further generalizations using preopen and semi open sets etc. are intended to be 

done in near future. We have used the terminology and definitions of text book of   (S. Majumdar and N. Akhter, Munkres, 

Dugundji, Simmons, Hoking-Yong and Kellely). Unless otherwise stated, every compact set considered in this paper will be at 

least two elements. 

II. PRELIMINARIES 

We start with the definitions of almost  -normal, almost p-normal, almost  -normal, -normal, p -normal,  -normal spaces.  

A subset A of a topological space X is said to be regular open (resp. regular closed) if A=int(cl(A)) (resp. cl(int(A)),preopen ( 

briefly p-open) if A int(cl(A)),  -open if A cl(int(cl(A))),  -open if A cl(int(A)) int(cl(A)). 

Definition 2.1:A topological spaces X is said to be almost -normal (resp. almost p-normal, almost  -normal [2]) if for any 

two disjoint closed subsets A and B of X, one of which is regularly closed, there exist disjoint  -open (resp. p-open,  -open) sets 

U and V of X such that AU and BV. 

Definition 2.2:A topological spaces X is said to be  -normal (resp. p-normal,  -normal [2]) if for every pair of disjoint closed 

subsets A and B of X, there exist disjoint  -open (resp. p-open,  -open) sets U and V of X such that AU and BV.   

Their inter-relationships are also mentioned below: 

normal almost normal 

   

p-normality almost p-normality 

   

 -normality  almost  -normality 

   

 -normality  almost  -normality 

We now define pseudo regular spaces and proceed to study them. 

III. PSEUDO REGULAR SPACES 

Definition 3.1: A topological space X is pseudo regular if every compact subset K of X and every Xx with Kx can be 

separated by disjoint open sets. 

Ex 3.1: Let K be a compact subset of 
nR and let x nR  such that Kx . Since 

nR  is 1T ,  x is closed and since 
nR  is 

normal and K is closed (by Heine Borel Theorem),  x  and K can be separated by disjoint open sets. Thus 
nR  is pseudo 

regular. 

Ex 3.2: Let X = {a,b,c,d} and     dcbaXT ,,,,, . Then (X,T ) is regular but not pseudo regular. 

For, {a,c}is compact, b  ca,
, 

 but {a,c} and b cannot be separated by disjoint open sets. 
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Ex 3.3: Let X =  , T be the topology generated by 0   where 0 is the usual topology  on  and= {  xx | Q}. 

Then Q is closed, since  -Q is open. Q cannot be separated from an irrational point since the only open set which contains Q is

 . Therefore X is not regular. The compact sets in X are the closed and bounded subsets of , i.e., finite unions of closed 

intervals, e.g., [a1,b1]  ............. [an, bn]. Let K be a compact subset of X and let Kx . So let K be given by K=[a1,b1]

 ............. [an, bn] . Let   iii baxd ,,
, 

the distance of x from  ii ba ,  and let  n ,........,min
2

1
1 . Then G=

     nn baba ,........., 11  and H=    xx , , separate K and x. Thus X is pseudo regular but not 

regular. 

Theorem 3.1: Every pseudo regular compact space is regular. 

Proof: Let X be compact and pseudo regular. Let K be a closed subset of X and let Xx with Kx .Since X is compact, K is 

compact. Again, since X is pseudo regular,  disjoint open sets G and H such that Gx and HK  . Therefore X is regular. 

Theorem 3.2: Every regular 2T -space is pseudo regular. 

Proof: Let X be a regular 2T -space. Let K be a compact subset of X and Xx , Kx . Since X is 2T , K is closed. Now, since 

X is regular,  disjoint open sets G and H such that Gx and HK  . Therefore X is pseudo regular. 

Theorem 3.3: A topological space X is pseudo regular iff Xx and any compact set K not containing x,   a open set H of 

X such that 
cKHHx  . 

Proof: Let X be pseudo regular and let K be compact in X. Let Kx i.e; 
cKx . Since X is pseudo regular,   open sets U, 

V such that VKUx  , and VU . Then 
cc KVU  . So 

cVU  =
cc KV  . Writing U=H we have

cKHHx   . 

Now let Xx  and any compact set K not containing x,  open set H such that 
cKHHx  . Since K is a compact 

set and Kx . Then 
cKx . According to condition,  open set H such that

cKHHx  . Let 
c

H = G. Then G is 

open, GK  and HG . Thus X is pseudo regular. 

Theorem 3.4: Product space X of any non-empty collection of  iX is pseudo regular iff each iX  is pseudo regular. 

Proof: Let  iX  be a non-empty collection of pseudo regular space and X = iX . We show that X is pseudo regular space. Let 

K be a compact set not containing a point Xx  . Let  KK ii  , ii Kx   . Since the projection maps are continuous 

  ii KK   is a compact subset of iX .  Since Kx , 0i such that 
00 ii Kx  . Since 

0
iX  is pseudo regular,  disjoint 

open sets 
00

, ii HG  in iX  such that 
0000

, iiii GKHx  . For each 0ii  , let ii HG ,  be open sets such that 

iiii GKHx  , . Let G= iiG  and H= ii H . Then HG , since 
00 ii HG  . Now, HxGK  , .  

Hence X is pseudo regular. 

Conversely, if X is pseudo regular, then we show that for each i, iX  is pseudo regular. For each i, let iK  be a compact subset of 

iX and ii Xx  but ii Kx  . Let ii KK   and x= ix , Xx but Kx . Then K is compact by Tychonoff Theorem. 

Since X is pseudo regular,  disjoint open sets G and H such that Gx and HK  and G= iiG , H= ii H , ii HG ,  are 

open sets in iX such that iiii GKHx  ,  and  ii HG . Therefore iX  is pseudo regular. 

Theorem 3.5: Any subspace of a pseudo regular space is pseudo regular. 

Proof: Let X be a pseudo regular space and XY  . Let Yy  and B is a compact subset of Y such that By  .  Since B is 

compact in Y, so B is compact in X. Since X is pseudo regular,  disjoint open sets G and H of X such that Gy and HB  . 

Let U= YG and V= YH  . Then U and V are disjoint open sets of Y where Uy and VB  . Hence Y is pseudo 

regular.  

Corollary 3.1: Let X be a topological space and A, B are two pseudo regular subspace of X. Then BA  is pseudo regular. 

Proof: BA  being a subspace of both A and B, BA  is pseudo regular by the above theorem. 
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Theorem 3.6: Let X be a pseudo regular space and R is an equivalence relation of X. Then R is a closed subset of XX.  

Proof: We shall prove that 
cR  is open. So, let   cRyx , . It is sufficient to show that there exists two open sets G and H of X 

such that Gx and Hy and  GH
cR . Let P:X

R

X
 be the projection map. Since   cRyx , ,    ypxp  i.e; 

  yppx 1 . Again, since  y  is compact and P is a continuous mapping, p(y) is compact. Also, let  iG be an open cover 

of   ypp 1
 in X, and let )( ii GpG  . Then }{ iG  is an open cover of p(y) in 

R

X
. Since p(y) is a singleton element in 

R

X
 

, 
0i

G s. t. 
0

)( iGyp  in 
R

X
. Then by the definition of the topology in 

R

X
 and the nature of the map p, (i) 

0i
G is open in 

X, (ii) )(
00

1

ii GpG   and (iii)   
0

1

iGypp 
in X. Hence   ypp 1

 is compact in X. So by the pseudo regularity of X 

 disjoint open sets G and H in X such that Gx and    Hypp 1
. Hence    Hyppy  1

i.e; Hy . Since

HG ,  )()( HpGp . Therefore GH
cR  and so   cRHGyx , . 

Corollary 3.2: Let X be a pseudo regular space and R is an equivalence relation of X. Then 
R

X
 is Hausdorff. 

Proof: Let x  and y  be two distinct points of 
R

X
. Then x =  xp  and y =  yp for some Xyx , such that yx  and 

  cRyx , . By the proof of the above theorem,  disjoint open sets G and H  in 
R

X
 such that Gx and Hy . Thus 

R

X
 is Hausdorff. [ G =p(G) and H =p(H) of the above theorem]. 

Theorem 3.7: Every locally compact Hausdorff space is pseudo regular. 

Proof: Let X be a locally compact Hausdorff space. Then there exists one point compactification X  of X and X  is Hausdorff 

and compact. According to above Remark X  is pseudo regular. Again, according to Theorem 3.5, as a subspace of X  , X is 

pseudo regular.  

We now define pseudo normal spaces and proceed to study them. 

IV. PSEUDO NORMAL SPACES 

Definition 4.1: A topological space X is pseudo normal if each pair of disjoint compact subsets of X can be separated by disjoint 

open sets. 

Ex 4.1: Since 
nR  is normal and every compact subset of 

nR  is closed, 
nR  is pseudo normal. 

Ex 4.2: Let X = {a,b,c,d} and     dcbaXT ,,,,, . Then (X,T) is a normal space. Here {a,c}and {b,d}are two disjoint 

compact sets in X, but there do not exist  disjoint open sets containing these compact sets. Therefore (X,T) is not pseudo normal.  

Theorem 4.1: Every pseudo normal compact space is normal. 

Proof: Let X be compact and pseudo normal. Let A, B be two disjoint closed subsets of X. Since X is compact, A and B are 

compact. Again, since X is pseudo normal, A and B can be separated by disjoint open sets. Therefore X is normal. 

Theorem 4.2: Every normal 2T -space is pseudo normal. 

Proof: Let X be 2T  and normal. Let A, B be two disjoint compact subsets of X. Since X is 2T , A, B are closed. Again, since X is 

normal,  disjoint open sets G and H in X such that GA and HB  . Therefore X is pseudo normal. 

Theorem 4.3: A topological space X is pseudo normal iff each pair of disjoint compact sets K1 and K2   open set U such that
c

KUUK 21  .  

Proof: Let X be a pseudo normal and K1, K2 be two compact subsets of X and  21 KK
.   

Since X is pseudo normal,   

open sets U, V such that VKUK  21 , and VU  . Then 
cc KVU 2  . So 

ccc KVVU 2
.
 Hence 

we have 
c

KUUK 21 
.  
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Conversely, suppose that for each pair 1K  and 2K  of disjoint compact subsets of X there exist an open set H of X such that 

c
KHHK 21  . We shall show that X is pseudo normal. Here HK 1 and 

c

HK 2 . Let GH
c

 . Then G is 

open , GK 2 and HG . [ For HxHHx
c

 and 
cHx . But HxHx  . So 

cHx  which is 

a contradiction, so HG ] 

Theorem 4.4: Every open image of a pseudo normal space is pseudo normal. 

Proof: Let X be a pseudo normal space and Y a topological space and let YXf :  be an open and onto mapping. Let 1K  

and 2K  be two disjoint compact subsets in Y. Then  1

1 Kf 
 and  2

1 Kf 
 are compact in X. Since X is pseudo normal   

open subsets U and V of X such that   UKf 

1

1
and   VKf 

2

1
and VU . Again, since f is open f(U) and f(V) 

are open in Y and    UfKffK  

1

1

1 ,    VfKffK  

2

1

2  and      VfUf . Hence Y is pseudo 

normal.  

Corollary 4.1: Every quotient space of a pseudo normal space is pseudo normal. 

Proof: Let X be a pseudo normal space and R is an equivalence relation on X. Since the projection map P:X
R

X
  is open and 

onto, the corollary then follows from the above theorem. 

Theorem 4.5: Every subspace of a pseudo normal space is pseudo normal. 

Proof: Let X be a pseudo normal space and XY  . Let 1K  and 2K  be two disjoint compact subsets in Y. Since 1K  and 2K  

are compact in Y, these are compact in X too. Since X is pseudo normal, there exist disjoint open sets U and W such that

UK 1 and WK 2 . Then YU  and YW   are disjoint open sets in Y with property that YUK 1 and 

YWK 2 . Hence Y is pseudo normal.  

Comment 4.1: A continuous image of a pseudo regular (pseudo normal) space need not be pseudo regular (pseudo normal). 

For if  1,TX  is a pseudo regular (a pseudo normal) space and  2,TX  a space with the indiscrete topology, then the identity 

map XXx :1 is continuous and onto. But  2,TX  is not pseudo regular (pseudo normal). 

Theorem 4.6: Each compact Hausdorff space is pseudo normal. 

Proof: Let X be compact Hausdorff space and A,B be two disjoint compact subsets of X. Let Ax and By . Then yx  . 

Since X is Hausdorff there exist disjoint open sets yG  and yH such that yGx and yGy . Obviously }:{ ByH y  is an 

open cover of B. 

Since B is compact, so there exist finite subcover
myyy HHH .........,,.........,

21
of B. Let 

myyyx HHHH  ..................
21

and 
myyyx GGGG  ..................

21
. Then xx GxHB  ,  and 

 xx GH i.e; X is pseudo regular. So for each Ax  there exist two disjoint open sets xG  and xH  of X such that 

xGx and xHB  . Hence }:{ AxGx  is a open cover of A. Since A is compact, so there exist finite subcover

nxxx GGG .........,,.........,
21

of this cover A. Let 
nxxx GGGG  ..................

21
and 

nxxx HHHH  ..................
21

. Then G, H are open sets of X and  HBGA  , and HG . 

Remark 4.1: It follows from the above proof that every compact Hausdorff space is pseudo regular. 

Note: Since X is Hausdorff and every compact set is closed. Therefore every closed set F which is compact can be separated by 

open sets from a point not containing F. 

Theorem 4.7: Let X be a topological space such that for every compact subset K of X, X-K contains at least two elements, if 

each X is pseudo normal then X is pseudo regular. 

Proof: Let X be a pseudo normal space. Let K be a compact subset of X and let Xx  such that Kx . Then there exists y 

such that y K and y x . Then {x,y}being finite with two elements, is a compact subset of X such that {x,y} K . Since 

X is pseudo normal,  open sets G and H with{x,y}  HGHKG ,,  . Since x  HGHKG ,,  , hence 

X is pseudo regular. 
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Ex 4.3: Let X = {a,b,c} and     cbaXT ,,,, . Then (X,T) is a pseudo normal space. Again, since there do not exist two 

disjoint compact sets in X, it is not pseudo regular. For, {a,b} compact  bac , , but {a,b} and c cannot be separated by 

disjoint compact sets in X.    

Theorem 4.8: Every metric space is pseudo regular and pseudo normal. 

Proof: Since every metric space is Hausdorff, every compact set is closed. Again since every metric space is regular, normal, 

therefore it is pseudo regular and pseudo normal.  

V. ALMOST PSEUDO REGULAR SPACES AND ALMOST PSEUDO NORMAL SPACES 

Here we consider two classes of topological spaces one of which lies between the class of Hausdorff spaces and the class of 

pseudo regular spaces, while the other lies between the class of Hausdorff spaces and the class of pseudo normal spaces. 

Definition 5.1:Atopological space X is said to be almost pseudo regular if for every finite set A with at least two elements and for 

every x A ,   disjoint open sets G and H such that A G and x H . 

Ex 5.1: Let X= Q, r, sQ, r<s , and let Vr,s= sqrQq  | . Let T, the topology generated by

  srQsrVX sr  ,,|,, ,  .Let A={q1,…….,qn}, n 2 , and let Qq , Aq .Suppose q1<q2<………<qn. If q<q1, let 

qq  1
. 

Then 
2

,
2


 


qVq
q

and A
2

,
21


 
 nq

qV . If q>qn, we construct the required open sets similarly. 

If qi<q<qi+1, for some i,1 ,ni  let  qqqq ii  1,min . Then  
2

,
2

  qqq =V, say q1,…………,qi

  121 2
,

2
Vqq   andqi+1,…………,qn   21 2

,
2

Vqq ni  
 , say. Then 21, VVAVq  and

  .21  VVV  

Definition 5.2:Atopological space X is said to be almost pseudo normal if for every two finite disjoint sets A and B each with at 

least two elements ,  disjoint open sets G and H such that A G and B H . 

Ex 5.2: It can be shown that the above Ex 5.1 is almost pseudo normal too. Many of the properties of the pseudo regular and 

pseudo normal spaces are expected to hold but we are not proving these here. We will follow up these in near future.  
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