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I. INTRODUCTION

Regular and normal topological spaces have been generalized in various ways. P-regular, p-normal, / -normal and y -normal

spaces ([2], [3], [5], [7], [10]) are several examples of some of these. Here we have introduced pseudo regular and pseudo normal
spaces and studied their important properties. Many results have been proved about these spaces. We have also established
characterizations of such spaces. Parallel study of further generalizations using preopen and semi open sets etc. are intended to be
done in near future. We have used the terminology and definitions of text book of (S. Majumdar and N. Akhter, Munkres,
Dugundji, Simmons, Hoking-Yong and Kellely). Unless otherwise stated, every compact set considered in this paper will be at
least two elements.

Il. PRELIMINARIES
We start with the definitions of almost  -normal, almost p-normal, almost £ -normal,  -normal, P -normal, /3 -normal spaces.

A subset A of a topological space X is said to be regular open (resp. regular closed) if A=int(cl(A)) (resp. cl(int(A)),preopen (
briefly p-open) if Acint(cl(A)), [ -open if A Ccl(int(cl(A))), ¥ -open if A C cl(int(A)) U int(cl(A)).

Definition 2.1:A topological spaces X is said to be almost  -normal (resp. almost p-normal, almost £ -normal [2]) if for any
two disjoint closed subsets A and B of X, one of which is regularly closed, there exist disjoint 7 -open (resp. p-open, /3 -open) sets
Uand V of Xsuchthat AcUand BC V.

Definition 2.2: A topological spaces X is said to be ¥ -normal (resp. p-normal, £ -normal [2]) if for every pair of disjoint closed
subsets A and B of X, there exist disjoint ¥ -open (resp. p-open, /3 -open) sets U and V of X such that AC U and BC V.

Their inter-relationships are also mentioned below:

normal => almost normal

Ul

p-normality = almost p-normality

Ul

¥ -normality = almost y -normality

U

J -normality = almost /3 -normality
We now define pseudo regular spaces and proceed to study them.
I11. PSEUDO REGULAR SPACES

Definition 3.1: A topological space X is pseudo regular if every compact subset K of X and every X € X with X ¢ K can be
separated by disjoint open sets.

Ex 3.1: Let K be a compact subset of R"and let X & R" such that X ¢ K . Since R" isT,, {X}is closed and since R" is

normal and K is closed (by Heine Borel Theorem), {X} and K can be separated by disjoint open sets. Thus R" is pseudo
regular.

Ex3.2: Let X ={ab,cd}and T = {X , @, {a, b}, {C, d}} Then (X, T ) is regular but not pseudo regular.

For, {a,c}is compact, b ¢ {a, C} but {a,c} and b cannot be separated by disjoint open sets.
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Ex3.3: Let X = R, T be the topology generated by Iy U ¢ where Jg is the usual topology on R andi= {{X}| X e R—-Q}L

Then Q is closed, since R -Q is open. Q cannot be separated from an irrational point since the only open set which contains Q is
R . Therefore X is not regular. The compact sets in X are the closed and bounded subsets of R , i.e., finite unions of closed

intervals, e.g., [a;01] U ieennnnnnnn. Ulan, by]. Let K be a compact subset of X and let X ¢ K . So let K be given by K=[a,bs]
1 .

Ui, Ulay by] . LetS; =d(x,[a;,b;]) the distance of x from [a;,b;] and letS =Em|n{51, ........ ,8r }. Then G=

(8, -3, + ). U(a, — 8,0, +6) and H= (X — &, X + &), separate K and x. Thus X is pseudo regular but not

regular.

Theorem 3.1: Every pseudo regular compact space is regular.

Proof: Let X be compact and pseudo regular. Let K be a closed subset of X and let X € X with X ¢ K .Since X is compact, K is
compact. Again, since X is pseudo regular, 3 disjoint open sets G and H such that X € G and K < H . Therefore X is regular.

Theorem 3.2: Every regular T, -space is pseudo regular.

Proof: Let X be a regular T, -space. Let K be a compact subset of X and X € X, X ¢ K . Since X is T,, Kiis closed. Now, since
X is regular, 3 disjoint open sets G and H such that X € G and K < H . Therefore X is pseudo regular.

Theorem 3.3: A topological space X is pseudo regular iff V' X € X and any compact set K not containing x, 3 a open set H of
Xsuchthat Xe H c H c K°.

Proof: Let X be pseudo regular and let K be compact in X. Let X ¢ K i.e; X € K®. Since X is pseudo regular, 3 open sets U,
V such that XxeU,KcVand UNV =¢. Then UV  cK®. so UV =V°® < K. writing U=H we have
XeHcHCK®,

Now let ¥ X € X and any compact set K not containing x, 3 open set H such that Xe H c H < K®. Since K is a compact
C

<
o —C
setand X & K. Then X € K. According to condition, 3 open set H suchthatXe H c H c K®. Let H =G. Then G is

open, K< Gand G H =¢. Thus X is pseudo regular.
Theorem 3.4: Product space X of any non-empty collection of {Xi }is pseudo regular iff each Xi is pseudo regular.

Proof: Let {Xi } be a non-empty collection of pseudo regular space and X = HXi . We show that X is pseudo regular space. Let
K be a compact set not containing a point X € X . Let K, = Hi(K), X; & K, . Since the projection maps are continuous
Hi(K)z K; is a compact subset of X;. Since X & K, 3 ijsuch that X; & K; . Since X; is pseudo regular, 3 disjoint
open sets G; ,H; in X; such that X, € H; , K; =G; . For each i#1y, let G;,H; be open sets such that
X € Hi,K; = G;. Let G=TI;G; and H=TT;H;. Then GNH =¢, since G; NH; =¢ . Now, Kc G, xeH.
Hence X is pseudo regular.

Conversely, if X is pseudo regular, then we show that for each i, Xi is pseudo regular. For each i, let Ki be a compact subset of
X,and X; € X;butX;, ¢ K;. Let K =IL,K, and x= {Xi } X e Xbut X ¢ K. Then K is compact by Tychonoff Theorem.
Since X is pseudo regular, 3 disjoint open sets G and H such that X € Gand K < H and G=I1,G,, H=IT,H, ,G,, H, are

opensetsin X, suchthat X, € H,,K;, < G, andG;, " H, = ¢. Therefore X, is pseudo regular.
Theorem 3.5: Any subspace of a pseudo regular space is pseudo regular.

Proof: Let X be a pseudo regular space and Y < X . Let Y €Y and B is a compact subset of Y such that y ¢ B . Since B is
compact in Y, so B is compact in X. Since X is pseudo regular, 3 disjoint open sets G and H of X suchthat Yy € GandB c H .

Let U=G MY and V=H MY . Then U and V are disjoint open sets of Y where Yy €U and B <V . Hence Y is pseudo
regular.

Corollary 3.1: Let X be a topological space and A, B are two pseudo regular subspace of X. Then A B is pseudo regular.

Proof: A B being a subspace of both A and B, A B is pseudo regular by the above theorem.
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Theorem 3.6: Let X be a pseudo regular space and R is an equivalence relation of X. Then R is a closed subset of X x X.

Proof: We shall prove that R is open. So, let (X, y) e R°. Itis sufficient to show that there exists two open sets G and H of X
X

such that X e Gand Yye Hand GXxHcC R®. Let P:X— ) be the projection map. Since (X, y)e R®, p(x);ﬁ p(y)i.e;

X¢& p_l(p(y)). Again, since {y} is compact and P is a continuous mapping, p(y) is compact. Also, let {Gi }be an open cover

of p_l(p(y)) in X, and let G_I = p(G,). Then {a} is an open cover of p(y) in % Since p(y) is a singleton element in %

. . X - X : : :
, 3 Gi0 s.t. p(y)e Gio in E Then by the definition of the topology in E and the nature of the map p, (i) Gio is open in

X, (i) GiO = p_l (G_,O) and (iii) p_l(p(y))g Gi0 in X. Hence p_l(p(y)) is compact in X. So by the pseudo regularity of X
I disjoint open sets G and H in X such that X € G and p"l(p(y))g H . Hencey € p_l(p(y))g Hie, yeH. Since
GNH=¢, p(G)n p(H) =g¢. Therefore GxHC R® and so(x,y)e GxH < R°.

X
Corollary 3.2: Let X be a pseudo regular space and R is an equivalence relation of X. Then E is Hausdorff.

— — X — —

Proof: Let X and Y be two distinct points of E Then X= p(X) and Y= p(y)for some X,y € X such that X # Y and
: L = o X C & o =

(X, y)e R". By the proof of the above theorem, 3 disjoint open setsG and H in E such that X € Gand Yy € H . Thus

X ) — J—
) is Hausdorff. [ G =p(G) and H =p(H) of the above theorem].

Theorem 3.7: Every locally compact Hausdorff space is pseudo regular.

Proof: Let X be a locally compact Hausdorff space. Then there exists one point compactification X | of X and X _ is Hausdorff

and compact. According to above Remark X is pseudo regular. Again, according to Theorem 3.5, as a subspace of X, X is
pseudo regular.

We now define pseudo normal spaces and proceed to study them.
IV. PSEUDO NORMAL SPACES

Definition 4.1: A topological space X is pseudo normal if each pair of disjoint compact subsets of X can be separated by disjoint
open sets.

Ex 4.1: Since R" is normal and every compact subset of R" isclosed, R" is pseudo normal.

Ex 4.2: Let X = {ab,cd}and T = {X,¢, {a, b}, {C, d}} Then (X,T) is a normal space. Here {a,c}and {b,d}are two disjoint
compact sets in X, but there do not exist disjoint open sets containing these compact sets. Therefore (X, T) is not pseudo normal.

Theorem 4.1: Every pseudo normal compact space is normal.

Proof: Let X be compact and pseudo normal. Let A, B be two disjoint closed subsets of X. Since X is compact, A and B are
compact. Again, since X is pseudo normal, A and B can be separated by disjoint open sets. Therefore X is normal.

Theorem 4.2: Every normal T, -space is pseudo normal.

Proof: Let X be T, and normal. Let A, B be two disjoint compact subsets of X. Since X is T,, A, B are closed. Again, since X is
normal, 3 disjoint open sets G and H in X such that A< Gand B < H . Therefore X is pseudo normal.

Theorem 4.3: A topological space X is pseudo normal iff each pair of disjoint compact sets K; and K, 3 open set U such that

K,cUc Uc K,°.
Proof: Let X be a pseudo normal and K, K be two compact subsets of X and K, WK, =¢  Since X is pseudo normal, 3
open sets U, V such that K, cU, K, cVand UV =¢ .Then U cV° <K, . S0 U cV°®=V° < K,° Hence

we have K, cU cUc K,*
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Conversely, suppose that for each pair K, and K, of disjoint compact subsets of X there exist an open set H of X such that
— —cC —c
K, c H c H < K,°. We shall show that X is pseudo normal. Here K, c Hand K, cH . Let H =G. Then G is

open, K, cGand GNH =¢5.[ForXeHr\ﬁC —xXeHand XeH®. But xeH = xe H.So xgH°® which is
a contradiction,so GNH =¢]

Theorem 4.4: Every open image of a pseudo normal space is pseudo normal.

Proof: Let X be a pseudo normal space and Y a topological space and let f : X —Y be an open and onto mapping. Let K,
and K, be two disjoint compact subsets in Y. Then fﬁl(Kl) and f 71(K2) are compact in X. Since X is pseudo normal 3
open subsets U and V of X such that f 71(K1) cUand f 71(K2)CV andU NV =@ . Again, since f is open f(U) and f(V)
are open in Y and K, < ff (K, )c fU), K, < ff (K,)c (V) and f(U)~ f(V)=¢. Hence Y is pseudo
normal.

Corollary 4.1: Every quotient space of a pseudo normal space is pseudo normal.

X
Proof: Let X be a pseudo normal space and R is an equivalence relation on X. Since the projection map P:X — E is open and

onto, the corollary then follows from the above theorem.
Theorem 4.5: Every subspace of a pseudo normal space is pseudo normal.
Proof: Let X be a pseudo normal space and Y < X . Let K, and K, be two disjoint compact subsets in Y. Since K, and K,

are compact in Y, these are compact in X too. Since X is pseudo normal, there exist disjoint open sets U and W such that
K,cUand K, cW. Then U Y and W NY are disjoint open sets in Y with property that K, U MY and

K, W MY . Hence Y is pseudo normal.
Comment 4.1: A continuous image of a pseudo regular (pseudo normal) space need not be pseudo regular (pseudo normal).

For if(X ,Tl) is a pseudo regular (a pseudo normal) space and (X ,Tz) a space with the indiscrete topology, then the identity

map 1, 1 X — X is continuous and onto. But (X ,Tz) is not pseudo regular (pseudo normal).
Theorem 4.6: Each compact Hausdorff space is pseudo normal.

Proof: Let X be compact Hausdorff space and A,B be two disjoint compact subsets of X. Let X € Aandy € B. ThenX # V.
Since X is Hausdorff there exist disjoint open sets G, and H such that X € G and y € G, . Obviously {H, : y € B}is an
open cover of B.

Sincee B is compact, so there  exist  finite  subcover H W H T yH, of B. Let

He=H, UH, U. UH, and G, =G, NG, M., NG, . Then BcH,, xeG, and

H, NG, =¢i.e; X is pseudo regular. So for each X € A there exist two disjoint open sets G, and H, of X such that
xeG,and Bc H,. Hence {G, : X € A}is a open cover of A. Since A is compact, so there exist finite subcover

AT ,G, of this cover A. Let G:Gluqu .................. UG, and
H=H, "H, Mo, MH, . ThenG,Hare opensetsof Xand Ac G, Bc HandGNnH =¢.

Remark 4.1: It follows from the above proof that every compact Hausdorff space is pseudo regular.

Note: Since X is Hausdorff and every compact set is closed. Therefore every closed set F which is compact can be separated by
open sets from a point not containing F.

Theorem 4.7: Let X be a topological space such that for every compact subset K of X, X-K contains at least two elements, if
each X is pseudo normal then X is pseudo regular.

Proof: Let X be a pseudo normal space. Let K be a compact subset of X and let X € X such that X & K . Then there exists y
such that y ¢ K and y# x . Then {x,y}being finite with two elements, is a compact subset of X such that {x,y} " K = ¢@. Since
X is pseudo normal, 3 open sets G and H with{x,y} = G, KcH, G H =¢ .Sincexe G, Kc H, GNH =¢ , hence
X is pseudo regular.
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Ex 4.3: Let X ={ab,c}and T = {X @, {a}, {b, C}} Then (X,T) is a pseudo normal space. Again, since there do not exist two

disjoint compact sets in X, it is not pseudo regular. For, {a,b} compact C ¢ {a,b}, but {a,b} and c cannot be separated by
disjoint compact sets in X.

Theorem 4.8: Every metric space is pseudo regular and pseudo normal.

Proof: Since every metric space is Hausdorff, every compact set is closed. Again since every metric space is regular, normal,
therefore it is pseudo regular and pseudo normal.

V. ALMOST PSEUDO REGULAR SPACES AND ALMOST PSEUDO NORMAL SPACES

Here we consider two classes of topological spaces one of which lies between the class of Hausdorff spaces and the class of
pseudo regular spaces, while the other lies between the class of Hausdorff spaces and the class of pseudo normal spaces.

Definition 5.1: Atopological space X is said to be almost pseudo regular if for every finite set A with at least two elements and for
every x¢ A, 3 disjoint open sets G and H such that Ac Gandxe H .

Ex 51: Let X= Q, r, s€Q, r<s , and let V.= {q eQ|r<gx< S}. Let T, the topology generated by
{X,¢, {Vr,s}| r,seQ,r< S} .Let A={q,,....... An}, N>2, and letqeQ, q ¢ A.Suppose i<g.<......... <qn. If g<q, let

O0=0;—(q Then qeV g+ 6/ and AcV O + O/ i g>0,, We construct the required open sets similarly.
1A, -9 A 7l A

If 9i<q<qi,, for some i,1<i<n,letd = min(q —0i,0i1 —q). Then Qe (q —52,q + %):V, SAY Qg eceeenenenn i

e(ql—%,q2+%)zvlandqi+1, ............ ,qne(qi+1—%,qn+%):v2, say. Then eV, AcV;UV,and
Vv, uv,)=4.

Definition 5.2: Atopological space X is said to be almost pseudo normal if for every two finite disjoint sets A and B each with at
least two elements , 3 disjoint open sets G and H such that Ac GandBc H .

Ex 5.2: It can be shown that the above Ex 5.1 is almost pseudo normal too. Many of the properties of the pseudo regular and
pseudo normal spaces are expected to hold but we are not proving these here. We will follow up these in near future.

Acknowledgement

I express my gratitude to almighty God who creates and patience me to complete the work of this article.l would like to express
my sincerest appreciation to my reverend supervisorsProfessor Dr. Nasima Akhter andProfessor Dr. Subrata Majumdar,
Department of Mathematics, University of Rajshahi, Rajshahi-6205, Bangladesh, for their supervision, guidance, valuable
suggestions, scholastic criticism, constant encouragement and helpful discussion throughout the work, I shall remain grateful to
them.

References

[1] S. Majumdar and N. Akhter, Topology, Text book, University of Rajshahi.
[2] Hamant Kumar and M. C. Sharma, Almost ¥ -normal and mildly ¥ -normal spaces in topological spaces, International

Conference on Recent innovations in Science, Management, Education and Technology, JCD Vidyapeeth, Sirsa,
Haryana(India), p.190-200.
[3] E. Ekici, Ony -normal spaces, Bull. Math. Soc. Math. Roumanie Tome 50(98), 3(2007), 259-272.

[4] N. Levin, Generalized closed sets in topology, Rend. Circ. Mat. Palermo (2)19(1970), 89-96.

[5] G. B. Navalagi, p -normal, almost p -normal, and mildly p -normal spaces, Topology Atlas Preprint #427. URL:
http://at.yorku.ca/i/d/e/b/71.htm.

[6] Nidhi Sharma, Some Weaker Forms of Separation Axioms in Topological Spaces, Ph. D. Thesis, C.C.S University Meerut,
2014.

[7] T. Noiri, Almost p-regular spaces and some functions, Acta Math Hungar., 79(1998), 207-216.

[8] T.M.J. Nour, Contribution to the Theory of Bitopological Spaces, Ph. D. Thesis, Delhi Univ., 1989.

[9] E. V. Shchepin, Real functions and near normal spaces, Sibirskii Mat. Zhurnal, 13(1972), 1182-1196.

[10] M.K. Singal and S. P. Arya, Almost normal and almost completely regular spaces, Glasnik Mat., 5(25), No. 1(1970), 141-
152.

[11] M.K. Singal and A.R. Singal, Mildly normal spaces, Kyungpook Math. J., 13(1973), 27-31.

[12] S.K. Biswas and N. Akhter, On contra O -precontinuous functions in bitopological spaces, Bulletin of Mathematics and
Statistics Research, Vol.3.1ssue.2 (2015), 1-11.

[13] S.K. Biswas and N. Akhter, On various properties of o -compactness in bitopological spaces, Journal of Mathematics and
Statistical Science, VVol.2.1ssue.1 (2016), 28-40.

IJTRD | Jan-Feb 2018
Available Online@www.ijtrd.com 430


http://at.yorku.ca/i/d/e/b/71.htm

