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Abstract: Mathematical models of growth have been
developed a long period of time. Estimating the lag time in the
growth process is a practically important problem. Any
sigmoidal function can be good illustration for the concept of
lag time. The Stannard growth model is described by 4 free
parameters, each contributing to the characteristics of the
curve: an initial lag or period of slow growth; a period of
rapid exponential growth; a period of reduced growth rate. In
this note we provide more precise estimates for the one-sided
Hausdorff approximation of the Heaviside step—function by

sigmoidal Stannard function - ('[ne\,wIag ). Numerical examples,

illustrating our results are given, too.

Keywords— sigmoidal Stannard function; interval step
function; Hausdorff distance; upper and lower bounds; lag
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I. INTRODUCTION

Several sigmoidal functions (logistic [32],[31], Gompertz [8],
Richards [24], [30], [34], [15], Chapman-Richards (based on
the Von Bertalanffy’s approach [4]), Schnute [25], and
Stannard [28], [12], [35], [23]) were compared to describe a
growth curve. Growth curves are found in a wide range of
disciplines, such as biology, chemistry and medical science.
Estimating the lag time in the growth process is a practically
important problem. Nevertheless, any sigmoidal function can
be good illustration for the concept of lag time. The growth
model is described by free parameters, each contributing to
the characteristics of the sigmoidal function. These parameters
may be useful for describing biologically relevant metrics as a
lag phase, the growth phase, and the plateau phase. The lag

time - tIag (see Fig. 1) is estimated by extending the tangent at

inflection point to the initial baseline. The Stannard curve is
described by 4 free parameters, each contributing to the
characteristics of the curve: an initial lag or period of slow
growth; a period of rapid exponential growth; a period of
reduced growth rate. The Stannard function finds applications
in many scientific fields, including population dynamics,
bacterial growth, population ecology, plant biology,
chemistry, demography, financial mathematics, statistics and
fuzzy set theory. For some modelling aspects and parameter
estimations, see [3], [27], [2], [29], [33], [6], [13]. The

alternative definition of the t

lag 'S 9IVen by Arosio, Knowles

and Linse in [2]. The t

the signal relative to the pre—transition baseline has reached
10% of the amplitude of the transition. In this note we prove
more precise estimates for the one-sided Hausdorff
approximation of the interval Heaviside step—function by

sigmoidal Stannard function - (t ). Let us point out that

lag 1S defined as the point in time where

new—lag
Hausdorff distance is the most natural measuring criteria for
the approximation of bounded discontinuous function [1],
[16].
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Figure 1: Definitions: a) t,_ - is estimated by extending the

lag
tangent at inflection point to the initial baseline; b) T, 5, -
the one-sided Hausdorff approximation of the Heaviside step—
function by sigmoidal Stannard function.

Il. PRELIMINARIES

Definition 1. Define the interval Heaviside step function as:

0, if t<0,
h(t)={[0,M] if t=0, 1)
M, if t>0.

Definition 2. Define the sigmoidal Stannard function

S*(t; B, k,m,M) on R as:

M
S* t; ,k,m,M =, 2
GAkmM=— @
(1+e m J
where M is the upper asymptote; [ is the growth

displacement; K is the growth rate; m is the slope of growth.
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Figure 2: Approximation of the Heaviside step function by
Stannard sigmoidal function about Hausdorff distance:

k=100, m=12, £=0.1, M =1; Hausdorff distance
d =0.034057.
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Figure 3: Approximation of the Heaviside step function by
Stannard sigmoidal function about Hausdorff distance:

k=50, m=1.1, £=0.1, M =4; Hausdorff distance
d =0.0796847.

Definition 3. The Hausdorff distance (H-distance) o(f, Q)
between two interval functions f,g on Qc R, is the
distance between their completed graphs F(f) and F(Q)

considered as closed subsets of QxR [9], [26]. More
precisely,

po(f,g)=max{ sup inf [|A-B]|, (3)

AcF (f)BeF(9)

sup inf ||A-B][},

BeF (g)A<F(f)
wherein ||.|| is any norm in R?, e. g. the maximum norm
| (t, ) ||= max{|t|,| X|}; hence the distance between the
points  A=(t,,X,), B=(tg,%s) in R?* s
” A-B ||:max(| tA _tB |,| Xpn—Xg |) :

1. MAIN RESULTS
We study the Hausdorff approximation of the Heaviside step
function  h,(t) by sigmoidal Stannard function

S*(t; B, k,m, M) and find an expression for the error of the

best one-sided approximation. The Hausdorff distance d
satisfies the relation (see, Fig. 1)

S*(—d;ﬂ,k,m,M):L:d. 4)

—(fkd) \™
l+e m

The following Theorem gives upper and lower bounds for d

Theorem 3.1. For the one-sided Hausdorff distance
d =d(k,,m,M) between the function hy(t) and the

Stannard  function  S*(t; B, k,m,M) the following

B B m+1
inequalities hold for kKM > 3e™ (1+e mj ;
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[l+e m)
kM
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em (1+e m]

kM

i B m+1
eml1l+e m]

< =d,.

r
i i m+1
em [1+e m]

Proof. We need to express d in terms of k, £, m and

()

In| 2| 1+

M , using (4). Let us examine the function

Fd)=— M g

—(fkd) \™
l+e m

From F’(d) <0 we conclude that the function F is
strictly monotonically decreasing. Consider function

M|,k

_ﬁ m ﬁ _ﬁ m+1
1+e ™ e 1+e ™

From Taylor expansion

—d +—M =

—(B—kd) \™
l+e m

M|,k

_ﬁ m ﬁ _ﬁ m-+1
1+e ™ e 1+e ™

G(d)—F(d) =0(d?). G(d)
approximates F(d) with d —0 as O(d?) (see, Fig. 4).
G'(d)<0.

G(d) =

d+0(d?)

we obtain Hence

In addition Further, for

ﬁ 7£ m+1
kM >3em™|1+e ™ we have
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M 1 M
G(d,) = o >0,
l1+em l+em
M
G(d,) = X
l1+em
1 kM
1—§In 2|1+ — <0.
B B
emll+e M
This completes the proof of the theorem.
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Figure 4: The functions F(d) and G(d) for k =100,
£=01 m=12 M=1

The “new” lag time is then given in terms of the one—sided
Hausdorff distance - d .

IV. COMPUTATIONAL ISSUES

Some computational examples using relations (5) are
presented in Table 1. The last column of Table 1 contains the

values of d computed by solving the nonlinear equation (4).

B Kk m M d, d, d

0.0005 100 0.99 0.0099417  0.0526419  0.0448138
01 50 11 0.020513  0.0935269  0.0796847
02 100 2 0010138  0.0405115 0.0385117
01 100 12 0.00997894  0.0381641  0.034057
015 25 11 0.0366494  0.0958873  0.0947611
02 500 0.99 0.00220615  0.0121895 0.00966098
01 5000 1

0.000210348 0.00164542 0.00134239

e L S S

Table 1: Bounds for d computed by equation (4) for various
.k, mand M
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k= Imput[" k"]; («50 )
Print[" k = ",K]:
m=Imput[" m"]; {«1.1 «)
Print[" m =", m]:
f=Input[" f£']; (+0.1 #)
Print[" £ =", 8]:
M= Input[" M"]; {2
Print[" ¥ - ", H]:
Print["The following nonlinear equation is used to determination of
the one-sided Hausdorff distance between Heaviside function and
Stannard growth curve - d (the new lag time): ']:
Print [" M/ {1+Exp[- (f-ked) /m] ) ‘m-d=0"];
FindRoot[M/ {1+Exp[-{f-k+d)/m]})"m-d, {d, 0}]
k=50
m=1.1
S =01
M=4
The following nonlinear equation iz used to determination of
the one-sided Hausdorff distance between Heaviside function and
Atanmard growth curve - d (the new lag time):
M/ (1+Exp [- (F-k+d) fn]) *n-d=0
= {d-0.0796547}

Figure 5: Simple module implemented in programming
environment CAS Mathematica for calculation of the value of
the one—sided Hausdorff distance d between the Heaviside
step function and the sigmoidal Stannard function.

Simple module in CAS Mathematica for calculation of the

value of the one-sided Hausdorff distance d between the
Heaviside step function and the sigmoidal Stannard function
is visualized on Figure 5.

Some computational examples are presented on Figure 6.

Manipulate [Dynamic@Show[Plot[f[t], {t, -1, 1}, LabelStyle - Directive[Green, Bold],
PlotLabel - ¥/ (1+Exp[-{f+kn~t) /m])*m],
PlotRange — {Automatic, {0, M}}], {{{, 0.01}, 0.01, 10, Appearance — "Open"},
{{5, 0.0005}, 0.0005, 10, Appearance — "Open"}, {{k, 0.1}, 0.1, 200, Appearance - "Open"},
{{m, 0.0001}, 0.0001, 10, Appearance — "Open"},
Initializations (£[£ ] :=}/(1+Exp[-(8+kxt)/m])*m)]

me=il
T =D+ algl =
—

B =bol+] aly| |
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Figure 6: An example of the usage of dynamical and
graphical representation. The plots are prepared using CAS
Mathematica.

Definition 4. Define the 6-parameters Stannard growth
function S;'(t) on R as:

Sf(t;al’bl’a21ﬁ1k1m)=a1+b1t+# (6)

—(p+k)\™
l+e ™

where the linear part a1+blt described the lag—phase (see
Fig. 7).
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Figure 7: 6—parameters Stannard growth function (6) with:
k=10, m=0.99, p=0.1, a =0.05 b =0.001,
a, =0.5.

Definition 5. Define the 7-parameters Stannard growth
function S, (t)) on R as:

S;(t;ai’bl’aZ’ﬁ’kvm):al+blt+ a2+b2t )

—(prk) \™ '’
l+e ™

where the linear part @, +Db,t described the equilibrium
baselines (see Fig. 8).
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Figure 8: 7—parameters Stannard growth function (7) with:
k=15, m=12, $=02, a=01 b=002,

a,=0.9, b, =0.01.
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Definition 6. Define the shifted interval Heaviside step
function h, as:
m

0, if t<t,
h ()=i[0.M] if t=t, @
M, if t>t,.

Definition 7. Define the shifted Stannard growth function
S, (t) with jump at point t_ as:
m

M

~(Brk(t-t, )\
l+e m

We next focus on the approximation of the shifted interval
Heaviside step function h by shifted Stannard growth
m

St;(t;ﬂ!k’m!M): (9)

function S, (t).

V. FITTING THE NONLINEAR SHIFTED
STANNARD GROWTH MODEL AGAINST
EXPERIMENTAL OIL PALM DATA [12], [7]

Example. The oil palm yield growth data is given in Table 2.

Year Weight Theappropriate fitting by
shifted Stannard function (9)
4 11.78 11.3382
5 18.43 18.1988
6 25.21 24.7753
7 30.78 29.9221
8 33.03 33.4182
9 35.66 35.5881
10 36.96 36.8639
11 37.97 37.591
12 38.04 37.9981
13 39.20 38.2239
14  36.50 38.3484
15 37.21 38.4108
16  39.97 38.4544
17 38.45 38.475

Table 2: The oil palm yield data [12], [7]

The appropriate fitting of the experimental data by the shifted
Stannard growth function S; (t) (9) with M =385,
m
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f=211, k=136, m=2.26, t, =5 is visualized on
Figure 9 (see also the last column of Table 2).

I |
[385 = +] alx| =]
(

M

2

]
[2.11 o I e N S

Figure 9: The appropriate fitting of experimental data by the
shifted Stannard growth function S, (t) with M =38.5,
m

p=211,k=136, m=226,t, =5.

CONCLUSION REMARKS

New estimates for the H—distance between a interval Heviside
step function and its best approximating Stannard function are
obtained. We propose a modified new-lag-time in terms of

Hausdorff distance - d .

Based on the methodology proposed in the present note, the
reader may formulate the corresponding approximation
problems on his/her own.

On a number of computational examples we demonstrate the
applicability of the Stannard growth function to approximate
the Heaviside step function and consequently to be employed
in fitting time course experimental data related to population
dynamics.

The Hausdorff approximation of the interval step function by
the logistic and other sigmoid functions is discussed from
various approximation, computational and modelling aspects
in [5], [14], [21], [18], [10], [11], [19], [20], [17], [22].

References

[1] R. Anguelov, S. Markov, Hausdorff Continuous Interval
Functions and Approximations, In: M. Nehmeier et al.
(Eds), Scientific Computing, Computer Arithmetic, and
Validated Numerics, 16th International Symposium,
Springer, SCAN 2014, LNCS 9553 (2016) 3-13,

IJTRD | May-Jun 2016
Available Online@www.ijtrd.com

d0i:10.1007/978-3-319-31769-4

[2] P. Arosio, T. P. J. Knowles, S. Linse, On the lag phase in
amyloid fibril formation, Physical Chemistry Chemical
Physics 17 (2015) 7606-7618, doi:10.1039/C4CP05563B

[3]J. Baranyi, Modelling and parameter estimation of
bacterial growth with distributed lag time, PhD Thesis,
Hungary, University of Szeged (2010).

[4] L. Bertalanffy, Quantitative laws in metabolism and
growth, J. Quart. Rev. Biol. 32 (1957) 217-231.

[5] D. Costarelli, R. Spigler, Approximation results for neural
network operators activated by sigmoidal functions,
Neural Networks 44 (2013) 101-106,
d0i:10.1016/j.neunet.2013.03.015

[6] D. Dean, J, O’Muizcheartaigh, H. Dirks, N. Waskiewicz,
K. Lehman, L. Walker, M. Han, S. Deoni, Modeling
healthy male white matter and myelin development: 3
through 60 months of age, Neurolmage 84 (2014) 742—
752, doi:10.1016/j.neuroimage.2013.09.058

[7]1 S. Foong, Potential evapotranspiration, potential yield and
leaching losses of oil palm, In: Basiron et al. (Eds),
International Palm Qil Conference, Progress, Properties
and Challenges Towards the 21 -st Century. Module I:
Agriculture. Kuala Lumpur, Malaysia, 9-14 September
1991, PORIM, (1991) 105-119.

[8] B. Gompertz, On the nature of the function expressive of
the law of human mortality, and on a new mode of
determining the value of life contingences, Philos. Trans.
R. Soc. London 115 (1825) 513-585.

[9] F. Hausdorff, Set Theory (2 ed.) (Chelsea Publ., New
York, (1962 [1957]) (Republished by AMS-Chelsea
2005), ISBN: 978-0-821-83835-8.

[10] A. lliev, N. Kyurkchiev, S. Markov, On the
Approximation of the Cut and Step Functions by Logistic
and Gompertz Functions, BIOMATH 4(2) (2015)
1510101, doi:10.11145/j.biomath.2015.10.101

[11] A. lliev, N. Kyurkchiev, S. Markov, On the
Approximation of the step function by some sigmoid
functions, Mathematics and Computers in Simulation
(2015), doi:10.1016/j.matcom.2015.11.005

[12] A. Khamis, Z. Ismail, Kh. Haron, A. Muhammad,
Nonlinear growth models for modeling oil palm yield
growth, Journal of Mathematics and Statistics 1(3) (2005)
225-233, d0i:10.3844/jmssp.2005.225.233

[13] M. Korkmaz, F. Uckardes, Transformation to some
growth models widely used in agriculture, The Journal of
Animal and Plant Sciences 23(3) (2013) 840-844.

[14] N. Kyurkchiev, On the Approximation of the step
function by some cumulative distribution functions,
Compt. rend. Acad. bulg. Sci. 68(12) (2015) 1475-1482.

[15] N. Kyurkchiev, A note on the new geometric
representation for the parameters in the fibril elongation
process, Compt. rend. Acad. bulg. Sci. (2016) (accepted).

[16] N. Kyurkchiev, A. Andreev, Approximation and antenna
and filter synthesis: Some moduli in programming
environment Mathematica, Saarbrucken, LAP
LAMBERT Academic Publishing (2014), ISBN 978-3—
659-53322-8.

[17] V. Kyurkchiev, N. Kyurkchiev, On the Approximation
of the Step function by Raised-Cosine and Laplace
Cumulative Distribution Functions, European
International Journal of Science and Technology 4(9)
(2015) 75-84.

[18] N. Kyurkchiev, S. Markov, Sigmoidal functions: some

computational and modelling aspects, Biomath
Communications 1(2) (2014) 30-48,
d0i:10.11145/j.bmc.2015.03.081

470



International Journal of Trend in Research and Development, Volume 3(3), ISSN: 2394-9333

www.ijtrd.com
[19] N. Kyurkchiev, S. Markov, On the approximation of the

generalized cut function of degree p+1 by smooth
sigmoid functions, Serdica J. Computing 9(1) (2015)
101-112.

[20] N. Kyurkchiev, S. Markov, Sigmoid functions: Some
Approximation and Modelling Aspects, Saarbrucken,
LAP LAMBERT Academic Publishing (2015), ISBN
978-3-659-76045-7.

[21] N. Kyurkchiev, S. Markov, On the Hausdorff distance
between the Heaviside step function and Verhulst logistic
function, J. Math. Chem. 54(1) (2016) 109-119,
d0i:10.1007/S10910-015-0552-0

[22] N. Kyurkchiev, S. Markov, A. lliev, A note on the
Schnute growth model, International Journal of
Engineering Research and Development, 12(6) (2016)
47-54,

[23] M. Panik, Growth curve modeling: theory and
applications, Wiley (2014), ISBN: 978-1-118-76404-6.

[24] F. J. Richards, A Flexible Growth Function for Empirical
Use, J. Exp. Bot. 10 (1959) 290-301,
d0i:10.1093/jxb/10.2.290

[25] J. Schnute, A versatile growth model with statistically
stable parameters, Can. J. Fish. Aquat. 38 (1981) 1128
1140, doi:10.1139/f81-153

[26] B. Sendov, Hausdorff Approximations (Kluwer, Boston,
1990) doi:10.1007/978-94-009-0673-0

[27] S. Shoffner, S. Schnell, Estimation of the lag time in a
subsequent monomer addition model for fibrill
elongation, bioRxiv The preprint server for biology,
(2015) 1-8, doi:10.1101/034900

[28] C. Stannard, A. Williams, P. Gibbs, Temperature/growth
relationship for psychotropic food-spoilage bacteria,
Food Microbiol. 2 (1985) 115-122.

[29] I. Swinnen, K. Bernaets, E. Dens, A. Geeraed, J. Impe,
Predictive modelling of the microbial lag phase: a review,
Int. J. of Food Microbiology 94 (2004) 137-150.

[30] E. Tjorve, K. Tjorve, A unified approach to the
Richards—model family for use in growth analyses: why
we need only two model forms, J. of Theoretical Biology
267 (2010) 417-425, doi:10.1016/j.jthi.2010.09.008

[31] A. Tsoularis, J. Wallace, Analysis of logistic growth
models, Math. Biosciences 179 (2002) 21-55.

[32] P.-F. Verhulst, Notice sur la loi que la population
poursuit dans son accroissement, Correspondance
mathematique et physique 10 (1838) 113-121.

[33] G. Yates, T. Smotzer, On the lag phase and initial
decline of microbial growth curves, J. of Theoretical
Biology 244 (2007) 511-577,
doi:10.1016/j.jtbi.2006.08.017

[34] X. Yin, J. Gougrian, E. Lantinga, J. Vos, H. Spiertz, A
flexible sigmoid function of determinate growth, Ann.
Bot. (London) 91 (2003) 361-371,
doi:10.1093/aob/mcg029

[35] M. Zwieterling, I. Jongenburger, F. Rombouts, K. Riet,
Modeling of the Bacterial Growth Curve, Appl. and
Environmental Microbiology 56(6) (1990) 1875-1881.

IJTRD | May-Jun 2016
Available Online@www.ijtrd.com 471



